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@ Higher-order rewriting
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Higher-order rewriting

o terms: t =c|f|x|\xV.t|tt

o types: U=B|U=U
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Higher-order rewriting

oterms: t=c|f| x| xV.t]|tt
o types: U=B|U=U

MYty —p tY

X

@ operational semantics:
P {fll.../,, SR 1
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Higher-order rewriting

oterms: t=c|f| x| xV.t]|tt
o types: U=B|U=U

MYty —p tY

@ operational semantics:
P {fll.../,, SR 1

example 1: nil: L, cons:N=L=1L map: (N=N)=L=1L

map f nil —x nil
map f (cons x I) —x cons (f x) (map f /)

map (Ax.2 % x) (cons 5 /)
—r cons ((Ax.2 % x) 5) (map (Ax.2%x) /)
—pg cons (2% 5) (map (Ax.2xx) /)
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Higher-order rewriting

example 2: recursor on Howard's constructive ordinals

e0:0

es:0=0

o lim:(N=0)=0

@ ordrec :
T=0O=T=T)=(N=0)=(N=T)=T)=0=T

ordrecuv w0 —r U
ordrec u v w (s x) —g v x (ordrec u v w x)
ordrec u v w (lim z) —x w z (An.ordrec u v w (z n))
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Higher-order rewriting

example 3: recursor on continuations

eD:C

o C:((C=L)=L)=C

@ contrec :
T=((C=L=L={(T=L=L)=T)=C=T

eex:C=1L

contrecuv D —r u
contrec u v (Cz) —gr v z (Ax.z(Ay.x(contrec u v y)))

ex (Cz) —r zex
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© Hughes-Pareto-Sabry (POPL'96)
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Hughes-Pareto-Sabry (POPL'96) remark:

@ a closed term t of base type terminates if its denotational
semantics [t] # L [Plotkin 1977]
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Hughes-Pareto-Sabry (POPL'96) remark:

@ a closed term t of base type terminates if its denotational
semantics [t] # L [Plotkin 1977]

@ the denotational semantics of an inductive type is the least
fixpoint of a monotone function [Scott 1969]

example: for lists, [L] = Ifp(FL) where FY(X) =1+ [N] x X
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Hughes-Pareto-Sabry (POPL'96) remark:

@ a closed term t of base type terminates if its denotational
semantics [t] # L [Plotkin 1977]

@ the denotational semantics of an inductive type is the least
fixpoint of a monotone function [Scott 1969]

example: for lists, [L] = Ifp(FL) where FY(X) =1+ [N] x X

© Ifp(F) can be reached by transfinite iteration of F-
i.e. there is an ordinal b such that lfp(F") = [L]{*™"!* where:
1 ifa=0
[Lpdefault — & FL([L]s) ifa=b+1
Up<alL]e if a limit ordinal > 0
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Hughes-Pareto-Sabry (POPL'96) remark:

Q [A]%f"! gives a notion of size for every t : A:

|| t||4efault = smallest ordinal a such that t € [A]default

examples:
o for lists FL(X) =1+ N x X, ||/||4°fu! is the length of /
o for trees FT(X) =1+ X x X, ||t]|4°u!t is the height of ¢
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Terms of size > w (excluded by Hughes-Pareto-Sabry)

@ higher-order inductive types:
with zero : O, succ: 0= O, lim: (N=0)=0

inf0 —xr zero

inj: N'= O and { inj(sx) —x succ(injx)

we have |liminj|| =w+1
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Terms of size > w (excluded by Hughes-Pareto-Sabry)

@ higher-order inductive types:
with zero : O, succ: 0= O, lim: (N=0)=0

inj: N= 0 and ..mJO TR €0
inj(sx) —g succ(injx)
we have |liminj|| =w+1
@ non-confluent infinitely branching rewrite systems:

with f = s'0 (i € N)

we have |f| =w+1
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Hughes-Pareto-Sabry (POPL’'96)

idea: abstract interpretation of semantic types

@ consider abstract size expressions: a € AU {0}
where a € A=« | 0| sa| a+ a (Presburger arithmetic)
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Hughes-Pareto-Sabry (POPL’'96)

idea: abstract interpretation of semantic types

@ consider abstract size expressions: a € AU {0}
where a € A=« | 0| sa| a+ a (Presburger arithmetic)

@ add types L, (terms of size < a) with a € AU {o0}:
[Loc] = [L] and [L.]u = |I|_]][[a]]# ifpu:X—bh
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Hughes-Pareto-Sabry (POPL’'96)

© typing rules = deduction rules wrt types and size annotations:

cons)

N
) s O s NS LS Lo

Fl:iLlas1 Ft:T(a) x:N,/:Lybku: T(a)
F match [ with nil — ¢ | consx /" — u: T(«)

(match)

F:lo= T(a),l :Las1Ft: T(a+1)
pF M.t Ly = T(a)

(fixpoint)
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Hughes-Pareto-Sabry (POPL’'96)

b Ft: T T<U
(sub) Ft:U

T<U U<V
(sub-refl) T<T (sub-trans) T<V
a<eb
(sub-base) T _<A T where a <¢® biff a <y bor b= 0
a>~Lp

T<T USU

(sub-arrow) TS U<T U
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Hughes-Pareto-Sabry (POPL’'96)

example: map: (N=N)=L, =L, 7

map = AMf.uF. At
t = match / with nil — nil | consx /" — cons (f x) (F I")

Fr=f:N=N,F:L,=La,/: Lot

FEt:Llays?
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Hughes-Pareto-Sabry (POPL’'96)

example: map: (N=N)=L, =L, 7

map = AMf.uF. At
t = match / with nil — nil | consx /" — cons (f x) (F I")

Fr=f:N=N,F:L,=La,/: Lot

FEt:lagr ?
1. kil Loyr ?
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Hughes-Pareto-Sabry (POPL’'96)

example: map: (N=N)=L, =L, 7

map = AMf.uF. At
t = match / with nil — nil | consx /" — cons (f x) (F I")

Fr=f:N=N,F:L,=La,/: Lot

Mt Lag ?
1. kil Loyr ?
2. T,x:N,/: Loy Fcons(fx)(FI'):Los1 ?
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Hughes-Pareto-Sabry (POPL’'96)

example: map: (N=N)=L, =L, 7

map = AMf.uF. At
t = match / with nil — nil | consx /" — cons (f x) (F I")

Fr=f:N=N,F:L,=La,/: Lot

Mt Lo ?

1. kil Loyr ?

2. T,x:N,/: Loy Fcons(fx)(FI'):Los1 ?
Mox: N,/ Lo EFI Ly ?
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Extensions of Hugues-Pareto-Sabry

e termination of arbitrary terms [Amadio-Coupet 1997]
using an interpretation in reducibility candidates

higher-order data types [Barthe-Frade-Giménez-Pinto 2004]
system Fw [Abel 2004]
dependent types and rewriting [B. 2004]

calculus of constructions [Barthe-Grégoire-Pastawski 2006]
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Extensions of Hugues-Pareto-Sabry

e termination of arbitrary terms [Amadio-Coupet 1997]
using an interpretation in reducibility candidates

higher-order data types [Barthe-Frade-Giménez-Pinto 2004]
system Fw [Abel 2004]
dependent types and rewriting [B. 2004]

calculus of constructions [Barthe-Grégoire-Pastawski 2006]

But:

@ size algebra always the same (s and sometimes +)
[s is already enough to subsume Coq termination checker|
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Extensions of Hugues-Pareto-Sabry

e termination of arbitrary terms [Amadio-Coupet 1997]
using an interpretation in reducibility candidates

higher-order data types [Barthe-Frade-Giménez-Pinto 2004]
system Fw [Abel 2004]
dependent types and rewriting [B. 2004]

calculus of constructions [Barthe-Grégoire-Pastawski 2006]

But:

@ size algebra always the same (s and sometimes +)
[s is already enough to subsume Coq termination checker|

@ notion of size always the same (height)
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Extensions of Hugues-Pareto-Sabry

e termination of arbitrary terms [Amadio-Coupet 1997]
using an interpretation in reducibility candidates

higher-order data types [Barthe-Frade-Giménez-Pinto 2004]
system Fw [Abel 2004]
dependent types and rewriting [B. 2004]

calculus of constructions [Barthe-Grégoire-Pastawski 2006]

But:

@ size algebra always the same (s and sometimes +)
[s is already enough to subsume Coq termination checker|

@ notion of size always the same (height)

o for fixpoint-based function definitions only
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In the following

@ extension to user-defined notions of size
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In the following

@ extension to user-defined notions of size

@ extension to rewriting-based function definitions
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In the following

@ extension to user-defined notions of size
@ extension to rewriting-based function definitions

© extension to arbitrary size algebra
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In the following

@ extension to user-defined notions of size
@ extension to rewriting-based function definitions
© extension to arbitrary size algebra

@ general type-checking algorithm
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In the following

© ©6 6 ©0 ©

extension to user-defined notions of size
extension to rewriting-based function definitions
extension to arbitrary size algebra

general type-checking algorithm

completeness in the successor algebra
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Outline

© Extension of Hughes-Pareto-Sabry
@ User-defined notions of size
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The notion of size

|| £]|4ef2u!t = smallest ordinal a such that t € [A]default
1 ifa=0

where [A]Jdefault — & FA([A]) ifa=b+1
Us<olAlp if a limit ordinal > 0
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The notion of size

|| £]|4ef2u!t = smallest ordinal a such that t € [A]default
1 ifa=0

where [A]default — & FA([A]y) ifa=b+1
Us<olAlp if a limit ordinal > 0

remark: [A]4¢®! is a particular stratification of [A]
i.e. an increasing sequence [A]o C [A]1 C ... C [A]y = [A]
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The notion of size

|| £]|4ef2u!t = smallest ordinal a such that t € [A]default
1 ifa=0

where [A]default — & FA([A]y) ifa=b+1
Us<olAlp if a limit ordinal > 0

remark: [A]4¢®! is a particular stratification of [A]
i.e. an increasing sequence [A]o C [A]1 C ... C [A]y = [A]

any other stratification is fine!
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Defining stratifications from constructor-size functions

we will restrict our attention to stratifications given by a function
>¢: " — b for each constructor c of arity n so that:

llety - tal ™ = Z<(l| e, .- [[tall™)
examples:
o for lists, X0 . (a,b) = b+ 1 gives the length
o for trees, £1°¢  (a,b) = max(a,b) + 1 gives the height
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Other notions of size

example 1: for trees, the number of nodes is given by

yrode(q ) =a+b+1
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Other notions of size

example 1: for trees, the number of nodes is given by
yrode(qb) =a+b+1

example 2: normalization of if-expressions
nmat — at
nm (if at y z) — if at (nm y) (nm z)
nm (if (ifuvw)yz) — nm(if u(nm (if vy z)) (nm (if w y 2)))
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Other notions of size

example 1: for trees, the number of nodes is given by
yrode(qb) =a+b+1

example 2: normalization of if-expressions

nmat — at
nm (if at y z) — if at (nm y) (nm z)
nm (if (ifuvw)yz) — nm(if u(nm (if vy z)) (nm (if w y 2)))

can be proved terminating by taking:

Yf(a,b,¢) = (a+1)(b+c+3)
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User-defined notions of size

question: for which functions X can we define a stratification in
reducibility candidates [A]Z so that ||ct||x = Z°(||£]|*)?
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User-defined notions of size

question: for which functions X can we define a stratification in
reducibility candidates [A]Z so that ||ct||x = Z°(||£]|*)?

answer: if X€ is both
@ monotone wrt every argument:
Ye(a) < Zc(b) if @ <prod b
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User-defined notions of size

question: for which functions X can we define a stratification in
reducibility candidates [A]Z so that ||ct||x = Z°(||£]|*)?

answer: if ¢ is both
@ monotone wrt every argument:

Ye(a) < Zc(b) if @ <prod b
o strictly extensive wrt recursive arguments:

a; < X(d) if the i-th argument of c is recursive
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User-defined notions of size

question: for which functions X can we define a stratification in
reducibility candidates [A]Z so that ||ct||x = Z°(||£]|*)?

answer: if ¢ is both
@ monotone wrt every argument:

Ye(a) < Zc(b) if @ <prod b
o strictly extensive wrt recursive arguments:

a; < X(d) if the i-th argument of c is recursive

- z -
[AlZ.; ={teSN |t =" cf=t; € [[T,F]]E[\A]]u AZS(|E)F) < a+1}
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Outline

© Extension of Hughes-Pareto-Sabry

@ Extension to arbitrary size algebra
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A more general framework

size algebra:
@ a first-order term algebra A
@ a quasi-ordering <, stable by substitution

@ an interpretation [ ] in ordinals
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A more general framework

size algebra:
@ a first-order term algebra A
@ a quasi-ordering <, stable by substitution

@ an interpretation [ ] in ordinals

examples:
@ successor algebra: s (already enough to subsume Coq)
@ max-successor algebra: max, s

@ max-plus algebra: max, s, +
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Outline

© Extension of Hughes-Pareto-Sabry

@ Extension to rewriting-based function definitions
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Annotation of constructors

c:T1=..=T,=A

aad

c: Annot(T1, A, a1) = ... = Annot( Ty, A, an) = Ag(ay,....an)

e o(ai,...,a,) monotone wrt every argument

e o(ai,...,qn,) strictly extensive wrt recursive arguments
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Annotation of constructors

c:T1=..=T,=A

aad

c: Annot(T1, A, a1) = ... = Annot( Ty, A, an) = Ag(ay,....an)

e o(ai,...,a,) monotone wrt every argument

e o(ai,...,qn,) strictly extensive wrt recursive arguments

Y(a1,...,a,) = [o(a,...,an)]p
where () = max{a; | o = a}
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Annotation of constructors

c:T1=..=T,=A

aad

c: Annot(T1, A, a1) = ... = Annot( Ty, A, an) = Ag(ay,....an)

e o(ai,...,a,) monotone wrt every argument

e o(ai,...,qn,) strictly extensive wrt recursive arguments
Y(a1,...,a,) = [o(a,...,an)]p

where () = max{a; | o = a}
examples:

@ node: Ty = T4 = Tgq in the successor algebra
@ node: To = T = Tg(naxap) in the max-successor algebra
@ lim: (N = 0,4) = Og, in the successor algebra
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Termination conditions 1-3

frAhi=MA= . =2 An= Thia= o= Th = Agar,.am)

termination arguments parameters
A

f:rlA)yy = = An)apn = Tmr1=...=> T = As(ar,..am)
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Termination conditions 1-3

frAhi=MA= . =2 An= Thia= o= Th = Agar,.am)

termination arguments parameters
A

f:rlA)yy = = An)apn = Tmr1=...=> T = As(ar,..am)

© Monotony of o(aq,...,am) wrt ai,...,amn
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Termination conditions 1-3

frAhi=MA= . =2 An= Thia= o= Th = Agar,.am)
termination arguments parameters

od

f:rlA)yy = = An)apn = Tmr1=...=> T = As(ar,..am)
© Monotony of o(aq,...,am) wrt ai,...,amn
for each rule fh ..., — r, there are I and ¢ = {(&, 3)} such that:

@ Accessibility: for every x € Var(r), either:
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Termination conditions 1-3

frAhi=MA= . =2 An= Thia= o= Th = Agar,.am)
termination arguments parameters

od

f:rlA)yy = = An)apn = Tmr1=...=> T = As(ar,..am)
© Monotony of o(aq,...,am) wrt ai,...,amn
for each rule fh ..., — r, there are I and ¢ = {(&, 3)} such that:

@ Accessibility: for every x € Var(r), either:
e xis a parameter: x =1/, xI = T; and i > m
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Termination conditions 1-3

frAhi=MA= . =2 An= Thia= o= Th = Agar,.am)

termination arguments parameters
A

f:rlA)yy = = An)apn = Tmr1=...=> T = As(ar,..am)
© Monotony of o(aq,...,am) wrt ai,...,amn
for each rule fh ..., — r, there are I and ¢ = {(&, 3)} such that:

@ Accessibility: for every x € Var(r), either:
e xis a parameter: x =1/, xI = T; and i > m
e X is a positive subterm of a termination argument:
x <, xI' = Annot(|xT|,A’, 8,) and i < m
because not every subterm of a computable term is computable
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Termination conditions 1-3

frAhi=MA= . =2 An= Thia= o= Th = Agar,.am)
termination arguments parameters

od

f:rlA)yy = = An)apn = Tmr1=...=> T = As(ar,..am)
© Monotony of o(aq,...,am) wrt ai,...,amn
for each rule fh ..., — r, there are I and ¢ = {(&, 3)} such that:

@ Accessibility: for every x € Var(r), either:
e xis a parameter: x =1/, xI = T; and i > m
e X is a positive subterm of a termination argument:
x <, xI' = Annot(|xT|,A’, 8,) and i < m
because not every subterm of a computable term is computable

© Minimality of ¢ (¥8)3p)[[76]] = [l and (vx) x6]| < Bxpl
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Termination condition 4

@ Subject-reduction and decreasingness: I I—fp riAs(an,....am)?

©: annotated types of constructor and function symbols
<r: precedence on function symbols

(Vl)rl—fp ti: T;
(hhT=T)eTuy
h<rpfVv(h=rfAY<y)
FHLRE: T

(app-decr)

F,X:UI—‘;V:V
r=L Vv U=V

reELe:T T<u

(lam) :
r=fe:U

(su
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq
e monotony? ok
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq

e monotony? ok
e strict extensivity? ok
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq

e monotony? ok
e strict extensivity? ok

e map: (N=N)=L, =L,

Size-based termination for higher-order rewriting
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq

e monotony? ok
e strict extensivity? ok

e map: (N=N)=L, =L,
e monotony? ok

Size-based termination for higher-order rewriting
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq
e monotony? ok
e strict extensivity? ok
e map: (N=N)=L, =L,
e monotony? ok
rule2: T=7:N=N,x:N,/:Lg and ¢ = {(a,s 5/}
e accessibility? ok

Size-based termination for higher-order rewriting
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq
e monotony? ok
e strict extensivity? ok
e map: (N=N)=L, =L,
e monotony? ok
rule2: T=7:N=N,x:N,/:Lg and ¢ = {(a,s 5/}
e accessibility? ok
e minimality? ok

Size-based termination for higher-order rewriting
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

e nil:L,cons:N=L, = Ls,
e monotony? ok
e strict extensivity? ok
e map: (N=N)=L, =L,
e monotony? ok
rule2: T=7:N=N,x:N,/:Lg and ¢ = {(a,s 5/}
e accessibility? ok
e minimality? ok
e subject-reduction and decreasingness?
[ =32 cons (f x) (mapf /) : Loy = Lsp,? cons <z map
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil:L,cons: N= L, = Lsq

e monotony? ok
e strict extensivity? ok
e map: (N=N)=L, =L,
e monotony? ok
rule2: T=7:N=N,x:N,/:Lg and ¢ = {(a,s 5/}
e accessibility? ok
e minimality? ok
e subject-reduction and decreasingness?
[ =32 cons (f x) (mapf /) : Loy = Lsp,? cons <z map
r |_$ap fx:N
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Example in the successor algebra

map f nil —x il
map f (cons x I) —x cons (f x) (map f /)

@ nil: L, cons:N=L, = Lg,
e monotony? ok
e strict extensivity? ok
e map: (N=N)=L, =L,
e monotony? ok
rule2: T=7:N=N,x:N,/:Lg and ¢ = {(a,s 5/}
e accessibility? ok
e minimality? ok
e subject-reduction and decreasingness?
[ =32 cons (f x) (mapf /) : Loy = Lsp,? cons <z map
r HZP fx:N
r F;}ap map f | : Lg, since §; <aspB
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Accessibility of variables

c:(A=B)=A f:A= (A= B)
f(cx) —r x

f (c(Ax.fxx)) (c(Ax.fxx))
—r (Ax.fxx)(c(Ax.fxx))
— 3 f(c(Ax.fxx))(c(Ax.fxx))
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can always be satisfied by taking o(ag, ..., am) = co!
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Monotony of o(aq,...,an)

can always be satisfied by taking o(ag, ..., am) = co!

subx 0 — x

subOy — 0

sub(sx) (sy) — subxy
f(s0) — f(sub(s0)O0)

0:No, sub: Ny = Ng=Ny_p5, f:No =N, o ={(a,s0)}
";SOZNSO
H 0 - No < Ngo

l—fp sub (s 0) 0: Ng
f N <
=, f (sub (s 0) 0) : N since 0 < s0
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Minimality of ¢

fx —r fx

f:Nog = Nq, '=x:Ng, p={(a,sBx)}

I'I—‘:Ofx: Now = Ngpg, since By < s
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Minimality of ¢

easy to satisfy in an algebra with a max operator
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Minimality of ¢

easy to satisfy in an algebra with a max operator

but not always satisfied in the successor algebra:
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Minimality of ¢

easy to satisfy in an algebra with a max operator
but not always satisfied in the successor algebra:

@ c:Ay=Asa. b: Ay = Ay = Asa, F A= Ag =T
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Minimality of ¢

easy to satisfy in an algebra with a max operator
but not always satisfied in the successor algebra:

@ c:Ay=Asa. b: Ay = Ay = Asa, F A= Ag =T
o f(cx)(b(cx)(cy)) —=r t, T=x:A,y:A,
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Minimality of ¢

easy to satisfy in an algebra with a max operator
but not always satisfied in the successor algebra:

@ c:Ay=Asa. b: Ay = Ay = Asa, F A= Ag =T
o f(cx)(b(cx)(cy)) —=r t, T=x:A,y:A,
@  minimal if, for all t, u, there is yu such that
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Minimality of ¢

easy to satisfy in an algebra with a max operator
but not always satisfied in the successor algebra:

@ c:Ay=Asa. b: Ay = Ay = Asa, F A= Ag =T
o f(cx)(b(cx)(cy)) —=r t, T=x:A,y:A,

@  minimal if, for all t, u, there is yu such that

O (ctll = llt] + 1 = [ap]u
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Minimality of ¢

easy to satisfy in an algebra with a max operator
but not always satisfied in the successor algebra:

@ c:Ay=Asa. b: Ay = Ay = Asa, F A= Ag =T
o f(cx)(b(cx)(cy)) —=r t, T=x:A,y:A,

@  minimal if, for all t, u, there is yu such that

O (ctll = lt] +1 = [ap]p

Q [b(ct)(cu)ll = max{|[t]], [[ull} +2 = [Beln
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Minimality of ¢

easy to satisfy in an algebra with a max operator
but not always satisfied in the successor algebra:

@ c:Ay=Asa. b: Ay = Ay = Asa, F A= Ag =T
o f(cx)(b(cx)(cy)) —=r t, T=x:A,y:A,

@  minimal if, for all t, u, there is yu such that

O (ctll = lt] +1 = [ap]p

Q [[b(ct)(cu)ll = max{le]], [[ull} +2 = [Beln
Q max{|t]l, [[ull} <yu
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Minimality of ¢

easy to satisfy in an algebra with a max operator
but not always satisfied in the successor algebra:

@ c:Ay=Asa. b: Ay = Ay = Asa, F A= Ag =T
o f(cx)(b(cx)(cy)) —=r t, T=x:A,y:A,

@  minimal if, for all t, u, there is yu such that

O (ctll = lt] +1 = [ap]p

Q [[b(ct)(cu)ll = max{le]], [[ull} +2 = [Beln
Q max{|t]l, [[ull} <yu

o there is no minimal ¢ since ||t|| # max{]|¢t|, ||u| }
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2nd part

édéric Blai i i sed termination for higher-order rewriting



© Extension of Hughes-Pareto-Sabry

@ Decidability of I—;
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Decidability of I—‘,;?

problem: given I', t and T, check whether I' I—fp t: T

(YI)FF; ti: T;
(hT=T)elTuoy
h<zgfV(h=rfA<yp)
rl—fp ht: T

(app-decr)
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Decidability of I—‘,;?

problem: given I', t and T, check whether I' I—fp t: T

(YI)FF; ti: T;
(hT=T)elTuoy
h<zgfV(h=rfA<yp)
rl—fp ht: T

(app-decr)

(YT Ft: T;
(h,T=T)elTuoy
r-ht: T

~  (app)

© check whether T'+t: T

@ check decreasingness condition
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Decidability of - without subtyping [Hindley 1969]

o {T |k t: T} has a smallest element (if not empty)
wrt the instantiation ordering T C U if (30)T0 = U
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Decidability of - without subtyping [Hindley 1969]

o {T |k t: T} has a smallest element (if not empty)
wrt the instantiation ordering T C U if (30)T0 = U

@ the most general type can be computed by using unification:

Nx:UkFvTV
rN-xxvvt U=V

(inf-lam)

(Vi)Fl—t,-TU,-
(h,V=V)elTu®
n=mgs({Uh =7 Vi,..., Uy =7 Vp})
M- hEt Vi

(inf-app)
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Decidability of - with subtyping?

extend Hindley's method by assuming:
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Decidability of - with subtyping?

extend Hindley's method by assuming:

@ every solvable subtyping problem has a most general solution wrt
subtyping composed with instanciation: T C U if (30)T0 < U
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Decidability of - with subtyping?

extend Hindley's method by assuming:

@ every solvable subtyping problem has a most general solution wrt
subtyping composed with instanciation: T C U if (30)T0 < U

@ there is an algorithm for deciding whether a subtyping problem
is solvable and, if so, computing its most general solution
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Decidability of - with subtyping?

extend Hindley's method by assuming:

@ every solvable subtyping problem has a most general solution wrt
subtyping composed with instanciation: T C U if (30)T0 < U

@ there is an algorithm for deciding whether a subtyping problem
is solvable and, if so, computing its most general solution

Mx:UFvTV

(inflam) X0 T U S v

(YD)T ¢t 1 U
(h,V=V)elfu®e
n:mgs({Ul S? Vl;"'aUn S? Vn})
I htt Vo

(inf-app)
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Reducing subtyping problems <’ to size problems <%/

T<U U<V
(sub-refl) T<T (sub-trans) T<Vv
a<gb T<T U<U
(sub-base) L<L, (sub-arrow) TS U<T U
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Reducing subtyping problems <’ to size problems <%/

T<U U<V
(sub-refl) T<T (sub-trans) T<Vv
a<gb T<T U<U
(sub-base) L<L, (sub-arrow) TS U<T U

theorem: (sub-refl) and (sub-trans) are redundant
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Reducing subtyping problems <’ to size problems <%/

T<U U<V
(sub-refl) T<T (sub-trans) T<Vv
a<gb T<T U<U
(sub-base) L<L, (sub-arrow) TS U<T U

theorem: (sub-refl) and (sub-trans) are redundant

hence, any subtyping problem {T; <TUp, .. T < Un}
is equivalent to a size problem {a; <7 by, ..., ax <3°° by}
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Outline

© Extension of Hughes-Pareto-Sabry

@ Case of the successor algebra
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Successor algebra

@ function symbols:
@ SUCCESSOr s
e constants c,d, ... for the size variables used in I’

every term a is of the form oo, ska or skc
its base symbol base(a) is co, @ and ¢ respectively
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Successor algebra

@ function symbols:
@ SUCCESSOr s
e constants c,d, ... for the size variables used in I’

every term a is of the form oo, ska or skc
its base symbol base(a) is co, @ and ¢ respectively

@ ordering:

a<ub a<a,b b<,c
a<pa a<,b a<psa a<,c
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Graph representation of a problem in the successor algebra

remark 1: every constraint has at most 2 variables

ska<’slheP o alpe Graph(P)
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Graph representation of a problem in the successor algebra

remark 1: every constraint has at most 2 variables

ska<’slheP o alpe Graph(P)

example:
sa <7 3 1
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Graph representation of a problem in the successor algebra

remark 1: every constraint has at most 2 variables

ska<’slheP o alpe Graph(P)

example:
sa <7 3 1
00?42
B < s«
o g
-2
<_
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Graph representation of a problem in the successor algebra

remark 1: every constraint has at most 2 variables

ska<’slheP o alpe Graph(P)

example:
sa <7 3 BN
B <X’ s%a
00 Szo" o o0 — « . B
<_
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Graph representation of a problem in the successor algebra

remark 1: every constraint has at most 2 variables

ska<’slheP o alpe Graph(P)

example:
sa <7 3 1
8 <’ s -1
0o <2 4 00 — « 8 — ¢
B <i sc o
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Graph representation of a problem in the successor algebra

remark 1: every constraint has at most 2 variables

ska<’slheP o alpe Graph(P)

example:
sa <7 3 1
8 <’ s -1
0o <2 4 00 — « 8 — ¢
B <i sc o

remark 2: if a~p b and ¢ € Sol(P) then base(ay) = base(by)

<p smallest qo s.t. a <p b if there is a constraint s¥a <’s'beP
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Satisfiability of a problem in the successor algebra

if there is no constant, a problem in AU {oo} with n variables is

equivalent to a problem ax @ b < x in the idempotent semi-ring
HhnXn

(Zmaxa D, ®) where Zmax =2ZU {Il:OO}, ®=max and ® = +
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Satisfiability of a problem in the successor algebra

if there is no constant, a problem in AU {oo} with n variables is
equivalent to a problem ax @ b < x in the idempotent semi-ring
HhXn

(Zmaxa D, ®) where Zmax =2ZU {Il:OO}, ®=max and ® = +

example: {sa <7 3,8 <7 s?a, 00 <3°7 a} is equivalent to

ax @ b < x where a = o0 2 L X = @ and b = oo
1 - I3 —00
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Satisfiability of a problem in the successor algebra

if there is no constant, a problem in AU {oo} with n variables is
equivalent to a problem ax @ b < x in the idempotent semi-ring
HhXn

(Zmaxa D, ®) where Zmax =2ZU {Il:OO}, ®=max and ® = +

example: {sa <7 3,8 <7 s?a, 00 <3°7 a} is equivalent to

ax @ b < x where a = o0 2 L X = @ and b = oo
1 - I3 —00

a+l < p
B < a+2
+0 < «
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Satisfiability of a problem in the successor algebra

if there is no constant, a problem in AU {oo} with n variables is
equivalent to a problem ax @ b < x in the idempotent semi-ring
HhXn

(Zmaxa D, ®) where Zmax =2ZU {Il:OO}, ®=max and ® = +

example: {sa <7 3,8 <7 s?a, 00 <3°7 a} is equivalent to

ax @ b < x where a = o0 2 L X = @ and b = oo
1 - I3 —00

a+l < B -2 < «
b < a+2 ~ 4o < «
+o0o < « at+l < g3
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Satisfiability of a problem in the successor algebra

if there is no constant, a problem in AU {oo} with n variables is
equivalent to a problem ax @ b < x in the idempotent semi-ring
HhXn

(Zmaxa D, ®) where Zmax =2ZU {Il:OO}, ®=max and ® = +

example: {sa <7 3,8 <7 s?a, 00 <3°7 a} is equivalent to

ax @ b < x where a = o0 2 L X = @ and b = oo
1 - I3 —00

< — <
atl < p Pr2se g fe+0 < a
+o0o < « at+l < g3 -
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Satisfiability of a problem in the successor algebra

if there is no constant, a problem in AU {oo} with n variables is
equivalent to a problem ax @ b < x in the idempotent semi-ring
HhXn

(Zmaxa D, ®) where Zmax =2ZU {Il:OO}, ®=max and ® = +

example: {sa <7 3,8 <7 s?a, 00 <3°7 a} is equivalent to

ax @ b < x where a = o0 2 L X = @ and b = oo
1 - I3 —00

< — <
atl < p Pr2se g fe+0 < a
+o0o < « at+l < g3 -

—oo®Ra @ —2Q8 &+ < «
1®a & —0o®B & -0 <
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Satisfiability of a problem in the successor algebra

after [C79], [BCOQ92|, [ABG14]| (Hankbook of linear algebra):
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Satisfiability of a problem in the successor algebra

after [C79], [BCOQ92|, [ABG14]| (Hankbook of linear algebra):

theorem 1: ax @ b < x has smallest solution a*b with a* = @‘i’io a'

(in (R, +, x), we have x = 12 = b- 3" a")

1-a
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Satisfiability of a problem in the successor algebra

after [C79], [BCOQ92|, [ABG14]| (Hankbook of linear algebra):

theorem 1: ax @ b < x has smallest solution a*b with a* = @‘i’io a'

(in (R, +, x), we have x = 12 = b- 3" a")

1-a

theorem 2: a* = @7, a' if there is no positive cycle

Frédéric Blanqui (INRIA) Size-based termination for higher-order rewriting



Dealing with constants

solutions of {a <7 s'c}?
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Dealing with constants

solutions of {a <” s'c}? substitutions {(«,s*c)} with 0 < k </
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Dealing with constants

solutions of {a <” s'c}? substitutions {(«,s*c)} with 0 < k </

idea 1: extend A with
@ a new sort N for non-negative integers

@ a new function symbol s : N = A = A for successor iteration
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Dealing with constants

solutions of {a <” s'c}? substitutions {(«,s*c)} with 0 < k </

idea 1: extend A with
@ a new sort N for non-negative integers

@ a new function symbol s : N = A = A for successor iteration

now, every term is either 0o, sKa or sc with e € {k, k + x,}
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Dealing with constants

solutions of {a <” s'c}? substitutions {(«,s*c)} with 0 < k </

idea 1: extend A with
@ a new sort N for non-negative integers

@ a new function symbol s : N = A = A for successor iteration

now, every term is either 0o, sKa or sc with e € {k, k + x,}

{a <7 slc} is equivalent to {a =" s¥c,x, <’ [}
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Dealing with constants

solutions of {a <” s'c}? substitutions {(«,s*c)} with 0 < k </

idea 1: extend A with
@ a new sort N for non-negative integers

@ a new function symbol s : N = A = A for successor iteration

now, every term is either 0o, sKa or sc with e € {k, k + x,}
? ol : ? ox ?
{a <" s'c} is equivalent to {a =" s*¢,x, <' [}

idea 2: transform P into an equivalent problem on Zmax
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Satisfiability of a problem in the successor algebra

simplification rules:
Pw{sa<’sb} —1 PU{a<’b}
Pw{s¢c <'sfc} —, PU{e<’f}
Pw{co <" s%a} —3 PU{oo<’a}

Frédéric Blanqui (INRIA) Size-based termination for higher-order rewriting



Satisfiability of a problem in the successor algebra

simplification rules:
Pw{sa<’sb} —1 PU{a<’b}
Pw{s¢c <'sfc} —, PU{e<’f}
Pw{co <" s%a} —3 PU{oo<’a}

constraints always true:
Pw{a<’oo} —4 PU{a<’oo]|ac Var(a) — Var(P)}
if a¢ XV ae Var(P)
Pw{a<’s®a} —s5 PU{a<’oo]|ac Var(a)— Var(P)}
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Satisfiability of a problem in the successor algebra

simplification rules:
Pw{sa<’sb} —1 PU{a<’b}
Pw{s¢c <'sfc} —, PU{e<’f}
Pw{co <" s%a} —3 PU{oo<’a}

constraints always true:
Pw{a<’oo} —4 PU{a<’oo]|ac Var(a) — Var(P)}
if a¢ XV ae Var(P)
Pw{a<’s®a} —s5 PU{a<’oo]|ac Var(a)— Var(P)}

constraints always false:
Pu{co <’séc} —¢ L
Puw{s**a<’c} —7 L
Puw{séc <"sfd} —g L ifc#d
Py@Q —9 L if Vara(Q) =0 and Sol(Q) =0
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Satisfiability of a problem in the successor algebra

variables that must be set to oo:
Pu{co <’a} —19 P{(a,00)}U{oo <’ a} if a € Var(P)
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Satisfiability of a problem in the successor algebra

variables that must be set to oo:
Pu{co <’a} —19 P{(a,00)}U{oo <’ a} if a € Var(P)
Pw{s*®a <’ a} —11 P{(a,00)} U{oo <7 a}
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Satisfiability of a problem in the successor algebra

variables that must be set to oo:
Pu{co <’a} —19 P{(a,00)}U{oo <’ a} if a € Var(P)
Pw{s*®a <’ a} —11 P{(a,00)} U{oo <7 a}
PWQ —12 P{(a,0)|ae€ Var(Q)}
U{oo <’ a| a € Var(Q)}
if Graph(Q) is a positive cycle
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Satisfiability of a problem in the successor algebra

variables that must be set to oo:
Pu{co <’a} —19 P{(a,00)}U{oo <’ a} if a € Var(P)
Pw{s*®a <’ a} —11 P{(a,00)} U{oo <7 a}
PWQ —12 P{(a,0)|ae€ Var(Q)}
U{oo <’ a| a € Var(Q)}
if Graph(Q) is a positive cycle
P —11 P{(a,00)}U {00 <7 a}
ifc<pa,d<pa,c#d
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Satisfiability of a problem in the successor algebra

variables that must be set to oo:
Pu{co <’a} —19 P{(a,00)}U{oo <’ a} if a € Var(P)
Pw{s*®a <’ a} —11 P{(a,00)} U{oo <7 a}
PWQ —12 P{(a,0)|ae€ Var(Q)}
U{oo <’ a| a € Var(Q)}
if Graph(Q) is a positive cycle
P —11 P{(a,00)}U {00 <7 a}
ifc<pa,d<pa,c#d

variables that must be set to a constant:
Puw {ska <’ séc} —13 P{(a,s*c)}U{a="s%c k+x, <’ €}

if (k,e) # (0,x4)
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Satisfiability of a problem in the successor algebra

variables that must be set to oo:
Pu{co <’a} —19 P{(a,00)}U{oo <’ a} if a € Var(P)
Pw{s*®a <’ a} —11 P{(a,00)} U{oo <7 a}
PWQ —12 P{(a,0)|ae€ Var(Q)}
U{oo <’ a| a € Var(Q)}
if Graph(Q) is a positive cycle
P —11 P{(a,00)}U {00 <7 a}
ifc<pa,d<pa,c#d

variables that must be set to a constant:
Puw {ska <’ séc} —13 P{(a,s*c)}U{a="s%c k+x, <’ €}

if (k,e) # (0,x4)

theorem: this rewrite system terminates
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Normal forms

after normalization, we get L or an affine problem:
@ constraints are of the form ska <? s/ or s¢c <7 s™3
@ there is no positive cycle

@ there is no tuple (o, c,d) such that ¢ <p o, d <p a and c #d
= an equivalence class modulo ~p contains at most 1 constant
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Normal forms

after normalization, we get | or an affine problem:

@ constraints are of the form ska <? s/ or s¢c <7 s™3

@ there is no positive cycle

@ there is no tuple (o, c,d) such that ¢ <p o, d <p a and c #d
= an equivalence class modulo ~p contains at most 1 constant

theorem 0: an affine problem is always satisfiable (with ¢ = o)
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Normal forms

after normalization, we get | or an affine problem:

@ constraints are of the form ska <? s/ or s¢c <7 s™3

@ there is no positive cycle

@ there is no tuple (o, c,d) such that ¢ <p o, d <p a and c #d
= an equivalence class modulo ~p contains at most 1 constant

theorem 0: an affine problem is always satisfiable (with ¢ = o)

theorem 1: the finite solutions are isomorphic to the solutions of
the integer problem obtained by substituting constants with 0
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Normal forms

after normalization, we get L or an affine problem:
@ constraints are of the form ska <? s/ or s¢c <7 s™3
@ there is no positive cycle

@ there is no tuple (o, c,d) such that ¢ <p o, d <p a and c #d
= an equivalence class modulo ~p contains at most 1 constant

theorem 0: an affine problem is always satisfiable (with ¢ = o)

theorem 1: the finite solutions are isomorphic to the solutions of
the integer problem obtained by substituting constants with 0

example: P = {ska <’ s/B,s%c <’ s’"ﬁ} is associated to
Q={k+a<’ l+5,e< m+ 3}

a solution v of @ gives a solution 1/) of P such that onjz = s*%o* where

a* = representative picked in [a]~, with a* =cif a ~p c
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Normal forms

after normalization, we get L or an affine problem:
@ constraints are of the form ska <? s/ or s¢c <7 s™3
@ there is no positive cycle

@ there is no tuple (o, c,d) such that ¢ <p o, d <p a and c #d
= an equivalence class modulo ~p contains at most 1 constant

theorem 0: an affine problem is always satisfiable (with ¢ = o)

theorem 1: the finite solutions are isomorphic to the solutions of
the integer problem obtained by substituting constants with 0

example: P = {ska <’ s/B,s%c <’ s’"ﬁ} is associated to
Q={k+a<’ l+5,e< m+ 3}

a solution v of @ gives a solution 1/) of P such that onjz = s*%o* where

a* = representative picked in [a]~, with a* =cif a ~p c

theorem 2: an integer problem with at most 2 variables per
constraint and no positive cycle has a smallest solution
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Satisfiability of a problem in the successor algebra

© the above rules terminate, are correct and complete

@ P is satisfiable iff any normal form of P is distinct from L
© satisfiability is decidable in polynomial time

@ every satisfiable problem has a smallest solution

© the smallest solution is computable in polynomial time
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Conclusion

extension of Hughes-Pareto-Sabry (POPL'96):

©000O0CO0C

user-defined notions of size

arbitrary size algebra

rewriting-based function definitions
general type-checking algorithm
completeness in the successor algebra

prototype implementation: HOT
(best termination tool for HOR in 2012)
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Possible directions of research

@ study other algebra (e.g. max-successor, max-plus)
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Possible directions of research

study other algebra (e.g. max-successor, max-plus)
extension to dependent and polymorphic types

re-implementation of HOT using SAT/SMT solver
combination with CPO, the last version of HORPO
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Possible directions of research

study other algebra (e.g. max-successor, max-plus)
extension to dependent and polymorphic types

re-implementation of HOT using SAT/SMT solver
combination with CPO, the last version of HORPO

existential and constrained sized types & conditional rewriting
[B.-Riba 2006]

Frédéric Blanqui (INRIA) Size-based termination for higher-order rewriting



	Higher-order rewriting
	Hughes-Pareto-Sabry (POPL'96)
	Extension of Hughes-Pareto-Sabry
	User-defined notions of size
	Extension to arbitrary size algebra
	Extension to rewriting-based function definitions
	Decidability of 
	Case of the successor algebra


