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Rewriting in proof assistants

increasing interest in using rewriting in proof assistants

• Dedukti

• Agda

• Coq ?

– How to Tame your Rewrite Rules (TYPES 2019)
– Modular Confluence for Rewrite Rules in MetaCoq (TYPES 2020)

common point: all these systems use dependent types
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Rewriting in Agda
https://agda.readthedocs.io/



Confluence checking in Agda



Dedukti

Dedukti:

– purely functional “programming” language (λ-calculus)

– with dependent types (types can take values as arguments)

– functions and types can be defined (by rewrite rules R)

– implements the λΠ-calculus modulo rewriting (λΠ/R)
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Dedukti

Dedukti:

– purely functional “programming” language (λ-calculus)

– with dependent types (types can take values as arguments)

– functions and types can be defined (by rewrite rules R)

– implements the λΠ-calculus modulo rewriting (λΠ/R)

Example:

symbol N:TYPE symbol 0:N symbol s:N → N

symbol F:N → TYPE

rule F 0 ↪→ N

with F (s $x) ↪→ N → F $x

assert F 2 ≡ N → N → N // convertible expressions



Applications of Dedukti

– logical framework for representing the theories and the proofs
of many logical systems (HOL-Light, Coq, Agda, PVS, etc.)

see Guillaume Genestier’s FSCD talk on July 3rd at 15:00

– independant proof checker

– proof transformations



Dedukti v2
https://deducteam.github.io/



Dedukti v3 aka Lambdapi
https://github.com/Deducteam/lambdapi/



Rewrite rules and matching in Dedukti

– LHS can be overlapping:

rule 0 + $y ↪→ $y

with s $x + $y ↪→ s ($x + $y)

with $x + 0 ↪→ $x

with $x + s $y ↪→ s ($x + $y)

– matching on defined symbols:

rule ($x + $y) + $z ↪→ $x + ($y + $z)

– LHS can be non-linear:

rule $x + (- $x) ↪→ 0

– higher-order pattern-matching:

rule diff(λx.sin $f[x]) ↪→ diff(λx.$f[x])*cos
rule lam(λx.app $f[] x) ↪→ $f[] // η-rule

See Gabriel Hondet’s FSCD talk on July 3rd at 15:30
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Confluence checking in Dedukti

Dedukti rewrite systems can be exported to the HRS format of the
confluence competition (CoCo) but:

– the HRS format does not accept dependent types
– the TRS format does not accept λ-abstractions
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λΠ-calculus modulo a set R of rewrite rules (λΠ/R)

terms/types t, u,A,B =

| f (function/type symbol)

| x (variable)

| λx :A.t (abstraction)

| tu (application)

| s ∈ {TYPE, KIND} (sort)

| Πx :A.B (dependent product, written A→ B if x /∈ B)

typing environments Γ,∆ =

| ∅ (empty environment)

| Γ, x :A (variable declaration)

rewrite rules ρ =

| ∆ ` f t1 . . . tn ↪→ u (rewrite rule)
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Typing rules of λΠ/R

(empty)
∅ valid

(decl)
Γ valid Γ ` A : s

Γ, x :A valid

(fun)
Γ valid

Γ ` f : Af
(var)

Γ, x :A, Γ′ valid

Γ, x :A, Γ′ ` x : A

(abs)
Γ, x :A ` t : B Γ ` Πx :A.B : s

Γ ` λx :A.t : Πx :A.B
(app)

Γ ` t : Πx :A.B Γ ` u : A

Γ ` tu : B{x 7→ u}

(sort)
Γ valid

Γ ` TYPE : KIND
(prod)

Γ ` A : TYPE Γ, x :A ` B : s

Γ ` Πx :A.B : s

(conv)
Γ ` t : A A ↓βR B Γ ` B : s

Γ ` t : B

A ↓βR B if A and B have a common
reduct wrt the β-rule of λ-calculus
and the user-defined rules R

remark: the type of a term is unique up to ↓∗βR
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Some important properties

TC decidability of the typing relation

SN termination of ↪→βR from typable terms

SRβ preservation of typing by ↪→β

SRR preservation of typing by ↪→R
LCR local confluence of ↪→βR on arbitrary terms

CR confluence of ↪→βR from typable terms

Question: what are the dependencies between those properties ?



Decidability of type-checking (TC)



Decidability of type-checking (TC)
mix type-inference ⇑ and type-checking ⇓

(conv)
Γ ` t ⇑ A A ↓∗βR B

Γ ` t ⇓ B

(sort)
Γ valid

Γ ` TYPE ⇑ KIND
(prod)

Γ ` A ⇓ TYPE Γ, x :A ` B ⇑ s

Γ ` Πx :A.B ⇑ s

(fun)
Γ valid

Γ ` f ⇑ Af
(var)

Γ, x :A, Γ′ valid

Γ, x :A, Γ′ ` x ⇑ A

(abs)
Γ ` A ⇓ TYPE Γ, x :A ` t ⇑ B B 6= KIND

Γ ` λx :A.t ⇑ Πx :A.B

(app)
Γ ` t ⇑ C C ↪→∗βRΠx :A.B Γ ` u ⇓ A

Γ ` tu ⇑ B{x 7→ u}

Conclusion: for TC we use SN, SR, LCR
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Termination (SN) [B. Genestier Hermant, FSCD 2019]

Step 1 define a function

[[ ]] : SN types → subsets of SN
A 7→ [[A]]

invariant by reduction: A ↪→βR A′ ⇒ [[A]] = [[A′]]

+ other conditions

Step 2 prove Γ ` t : A ⇒ t ∈ [[A]]
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Termination (SN) – Step 1

Goal: define a function

[[ ]] : SN types → subsets of SN
A 7→ [[A]]

invariant by reduction: A ↪→βR A′ ⇒ [[A]] = [[A′]]

+ other conditions

Solution: [[A]] =

{
. . . if A is in normal form (nf)
[[nf(A)]] otherwise

using SR and LCR

previous works assumed no critical pairs on types
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Termination (SN) – Step 2

Goal: prove Γ ` t : A ⇒ t ∈ [[A]]

Solution: for a rule ∆ ` f l ↪→ r with f : Πx : A.B, we assume

∆ ` r : B{x 7→ l}

in any sub-system of λΠ/R + other conditions

Conclusion: for SN we use SR, LCR, TC
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Subject-reduction (SR)
aka preservation of typing by reduction

for all Γ, t, u, A, if Γ ` t : A and t ↪→βR u, then Γ ` u : A

applications:

– in programming languages: ensures memory safety

– in logical systems: correctness of cut elimination



Subject-reduction for β-reduction (SRβ)



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)

Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)

Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)

Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)
Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)
Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)
Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)
Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)
Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)
Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction (SR) - Case of ↪→β

Goal: Γ ` (λx : A.t)u : C ⇒ Γ ` t{x 7→ u} : C ?

Γ, x :A ` t : B Πx :A.B : s
(abs)

Γ ` λx :A.t : Πx :A.B Πx :A.B ↓∗βR Πx :A′.B ′ Γ ` Πx :A′.B ′ : s ′

(conv)
Γ ` λx :A.t : Πx :A′.B ′

↗

Γ ` λx :A.t : Πx :A′.B ′ Γ ` u : A′

(app)
Γ ` (λx :A.t)u : B ′{x 7→ u} B ′{x 7→ u} ↓∗βR C Γ ` C : s ′′

(conv)
Γ ` (λx :A.t)u : C

Problem: A′ ↓∗βR A and B{x 7→ u} ↓∗βR C ?

Solution: Πx :A.B ↓∗βR Πx :A′.B ′
CR

=⇒ A ↓∗βR A′ ∧ B ↓∗βR B ′

Conclusion: for SRβ we use CR



Subject-reduction for rewriting (SRR)



Subject-reduction (SR) - Case of a rule l ↪→ r

Goal: ∀Γ, σ,C , Γ ` lσ : C ⇒ Γ ` rσ : C ?

see my FSCD talk on July 3rd at 14:30 !



Subject-reduction (SR) - Case of a rule l ↪→ r

Goal: ∀Γ, σ,C , Γ ` lσ : C ⇒ Γ ` rσ : C ?

see my FSCD talk on July 3rd at 14:30 !



Example: tail function on vectors

symbol V:N → TYPE

symbol nil:V0

symbol cons:A → Πn:N,Vn → V(sn)

symbol tail:Πn:N,V(sn) → Vn

tail n (cons x p v) ↪→ v
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Subject-reduction (SR) - Case of a rule l ↪→ r

Goal: ∀Γ, σ,C , Γ ` lσ : C ⇒ Γ ` rσ : C ?

Solution:

Step 1: let ∆ = . . . , x̂i : TYPE, xi : x̂i , . . . be the variables of l

∆ = n̂ : TYPE, n : n̂, x̂ : TYPE, x : x̂, . . .

Step 2: compute the equations on x̂i , xi ,X for having ∆ ` l : X
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:x̂=A
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:V(sp)=V(sn)

)
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:Vn=X
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Goal: ∀Γ, σ,C , Γ ` lσ : C ⇒ Γ ` rσ : C ?

Solution:

Step 1: let ∆ = . . . , x̂i : TYPE, xi : x̂i , . . . be the variables of l

Step 2: compute equations on x̂i , xi ,X for having ∆ ` l : X

Step 3: replace gt = gu by t = u if g is undefined

Step 4: apply Knuth-Bendix completion to transform the equations into
a convergent rewrite system S

Step 5: check ∆ ` r : X in any sub-system of λΠ/R+ S

Conclusion: for SRR we use TC, CR
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We need a finer analysis . . .
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Termination (SN) revised

do we really need

– LCR ?

ok

– TC ?

yes but SN(R+ l ↪→ r) requires TC(R) only

– SR ?

no (conjecture, ongoing work)
a simple syntactic condition seems sufficient: that every rule
maps an object to an object, and a type to a type
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Rewriting in proof assistants

Dedukti and the λΠ-calculus modulo rewriting (λΠ/R)

Properties of the λΠ-calculus modulo rewriting (λΠ/R)

Conclusion



Dependencies between properties

SN TC SR

SRRLCR

CR SRβ

−• −•→• for dependency on a sub-system



Preservation of properties by rule addition

assume we have a calculus λΠ/R with LCR, SN, SRβ, SRR

how to prove LCR’, SN’ and SR’ for λΠ/R′ with R ⊂ R′ ?

Step 1: try to prove LCR’

Step 2: try to prove SN’ using LCR’ and TC

Step 3: then CR’ by Newman’s Lemma

Step 4: then SR’β

Step 5: try to prove SR’R′ using Knuth-Bendix completion and TCR+S

⇒ we need termination and confluence criteria for β +R+ S
when S is closed and there are shared symbols



Preservation of properties by rule addition

assume we have a calculus λΠ/R with LCR, SN, SRβ, SRR

how to prove LCR’, SN’ and SR’ for λΠ/R′ with R ⊂ R′ ?

Step 1: try to prove LCR’

Step 2: try to prove SN’ using LCR’ and TC

Step 3: then CR’ by Newman’s Lemma

Step 4: then SR’β

Step 5: try to prove SR’R′ using Knuth-Bendix completion and TCR+S

⇒ we need termination and confluence criteria for β +R+ S
when S is closed and there are shared symbols



Preservation of properties by rule addition

assume we have a calculus λΠ/R with LCR, SN, SRβ, SRR

how to prove LCR’, SN’ and SR’ for λΠ/R′ with R ⊂ R′ ?

Step 1: try to prove LCR’

Step 2: try to prove SN’ using LCR’ and TC

Step 3: then CR’ by Newman’s Lemma

Step 4: then SR’β

Step 5: try to prove SR’R′ using Knuth-Bendix completion and TCR+S

⇒ we need termination and confluence criteria for β +R+ S
when S is closed and there are shared symbols



Preservation of properties by rule addition

assume we have a calculus λΠ/R with LCR, SN, SRβ, SRR

how to prove LCR’, SN’ and SR’ for λΠ/R′ with R ⊂ R′ ?

Step 1: try to prove LCR’

Step 2: try to prove SN’ using LCR’ and TC

Step 3: then CR’ by Newman’s Lemma

Step 4: then SR’β

Step 5: try to prove SR’R′ using Knuth-Bendix completion and TCR+S

⇒ we need termination and confluence criteria for β +R+ S
when S is closed and there are shared symbols



Preservation of properties by rule addition

assume we have a calculus λΠ/R with LCR, SN, SRβ, SRR

how to prove LCR’, SN’ and SR’ for λΠ/R′ with R ⊂ R′ ?

Step 1: try to prove LCR’

Step 2: try to prove SN’ using LCR’ and TC

Step 3: then CR’ by Newman’s Lemma

Step 4: then SR’β

Step 5: try to prove SR’R′ using Knuth-Bendix completion and TCR+S

⇒ we need termination and confluence criteria for β +R+ S
when S is closed and there are shared symbols



Preservation of properties by rule addition

assume we have a calculus λΠ/R with LCR, SN, SRβ, SRR

how to prove LCR’, SN’ and SR’ for λΠ/R′ with R ⊂ R′ ?

Step 1: try to prove LCR’

Step 2: try to prove SN’ using LCR’ and TC

Step 3: then CR’ by Newman’s Lemma

Step 4: then SR’β

Step 5: try to prove SR’R′ using Knuth-Bendix completion and TCR+S

⇒ we need termination and confluence criteria for β +R+ S
when S is closed and there are shared symbols



Preservation of properties by rule addition

assume we have a calculus λΠ/R with LCR, SN, SRβ, SRR

how to prove LCR’, SN’ and SR’ for λΠ/R′ with R ⊂ R′ ?

Step 1: try to prove LCR’

Step 2: try to prove SN’ using LCR’ and TC

Step 3: then CR’ by Newman’s Lemma

Step 4: then SR’β

Step 5: try to prove SR’R′ using Knuth-Bendix completion and TCR+S

⇒ we need termination and confluence criteria for β +R+ S
when S is closed and there are shared symbols



Another approach: prove CR without assuming SN

possible methods:

– (weakly) orthogonal systems

– development-closed critical pairs

– locally decreasing diagrams



Conclusion

– for finding out new criteria

– for providing tools

Thank you!
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